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Implicit Shock-Fitting Scheme for Unsteady
Transonic Flow Computations

N. J. Yu,* A. R. Seebass,t and W. F. BallhausJ
University of Arizona, Tucson, Ariz.

The alternating-direction implicit scheme developed by NASA Ames for unsteady transonic flows has been
modified to include a shock-fitting algorithm, as well as an analytically stretched coordinate system. The shock-
fitting procedure treats shock waves as discontinuities normal to the freestream. Improvements in shock position
and the unsteady pressure distributions are obtained by this modification. The various types of shock motion
observed experimentally by Tijdeman are well simulated in calculations using the modified computational
scheme. The method for detecting shock-wave formation and the procedure for fitting a moving shock wave are
illustrated. Results for an NACA 64A006 airfoil with oscillating quarter-chord flap are presented and discussed.

Introduction

THERE is a need for the numerical simulation of unsteady
transonic flows about airfoils in order to predict unsteady

aerodynamic loads and to provide an understanding of the
behavior of unsteady transonic flowfields. A number of
methods1'11 have been proposed for computing such flows,
and there is continuing improvement in the results obtained.
This paper describes a shock-fitting procedure,12 coupled
with an implicit finite-difference algorithm,1 '2 which can
accurately and efficiently simulate most unsteady transonic
flows about thin airfoils.

A major consideration in constructing an algorithm for
unsteady transonic flows is the treatment of moving shock
waves. Experimental observations of Tijdeman13'14 indicate
that even for simple airfoil motions shock-wave motions can
be complicated, and they can affect aerodynamic force and
moment variations strongly. Time-linearized methods,9'10

i.e., methods that assume that the unsteady perturbation is
small compared to the basic steady disturbance, presently do
not consider shock motions although they can be modified to
do so for small shock excursions. 15,16 Time-integration
methods1"8 treat shock waves by ''capturing" them, a
procedure that can present a number of problems that will be
discussed subsequently.

Tijdeman's experiments also indicate that shock motion
amplitudes increase with decreasing frequency. This is
supported by a simplified analysis of the time-linearized
equations.16 Thus, some of the most interesting transonic
flowfields result from low-frequency motion. Explicit finite-
difference schemes are not efficient when applied to low-
frequency cases because the stability restriction on the time
step is substantially more severe than that required for ac-
curacy. As a result, efficient semi-implicit methods3 and even
more efficient fully implicit methods1'2'7'8 have been
developed. Caradonna and Isom7 use an iterative implicit
procedure; i.e., the nonlinear implicit finite-difference
equations must be solved at a given time iteratively. In an
earlier unpublished study we also used such a procedure.
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Ballhaus and Steger1 and Beam and Warming8 constructed
more efficient algorithms that solve the nonlinear equations
directly by the solution of simple matrix equations generated
by an alternating-direction implicit (ADI) procedure. This
method has proven to be so efficient, especially for the
calculations with nonuniform mesh distributions, that we now
often use it as an alternative to successive line overrelaxation
(SLOR) for steady flow calculations.17 '18

All of these implicit schemes "capture" shock waves; i.e.,
shock waves evolve automatically as part of the numerical
solution. This procedure has several deficiencies associated
with it. They can be eliminated, at the expense of coding
complexity, by "fitting" shock waves as discontinuities in the
flow. Shock capturing produces shock profiles that are
distorted in a manner that depends on the truncation errors in
the finite-difference scheme. The use of mixed-difference
schemes1'8 can improve the situation for cases in which the
flow changes from supersonic to subsonic across the shock.
However, when this condition is not satisfied, as in the later
stages of pulsating motion of a parabolic-arc airfoil, the
differencing cannot be switched across the shock and shock
resolution is poor. In any case, shock capturing requires
spatial grid spacings, in regions where shock waves are an-
ticipated, which are sufficiently small to resolve the shock
waves in a reasonable distance. The grid spacing required to
do this is frequently much smaller than that required to
resolve flow variable gradients in most of the rest of the
flowfield. This also results in an unnecessarily severe time-
step restriction because time steps for implicit schemes are
chosen such that shocks move less than one spatial grid point
per time step.1'8 This is necessary to preserve both accuracy
and stability. Shock fitting removes the large gradients from
the finite-difference solution and generally permits equivalent
flowfield resolution with fewer grid points, both in space and
time. Finally, if shock waves are not treated as discontinuities
but are to be captured correctly, the difference equations must
be solved in conservation form. This imposes an additional
constraint on the construction of finite-difference schemes
which can be difficult to satisfy. For example, no fully
conservative difference scheme for the full potential equations
have been developed yet that can match the convergence
reliability and computational efficiency of Jameson's non-
conservative "rotated" difference procedure.19

In principle, the shock-fitting procedure discussed in this
paper could be applied to the full potential equation. For
steady flows it may substantially reduce the time required to
obtain a converged solution. Here, as a first step, it is applied
to a simpler formulation that contains the essential nonlinear
unsteady behavior associated with low-frequency transonic
flows. Furthermore, the algorithm is simplified by treating
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the shocks as discontinuities normal to the freestream. The
procedures could be generalized to a curved shock with ad-
ditional programming complexity. Methods of detecting
shock formation and of judging the existence of a shock wave
in the unsteady flowfield are described.

A production code, LTRAN2, has been developed for the
efficient solution of low-frequency transonic flows about
airfoils in motion.2 LTRAN2 is based on the ADI method of
Ballhaus and Steger,1 and is being released on request to
industry and government agencies. The modification of the
ADI procedure to include shock fitting, which is the main
subject of this paper, will improve LTRAN2 significantly.
Substantially fewer grid points will be required to achieve
equivalent flowfield resolution, and the time-step restriction
due to shock motion can be relaxed considerably.

Numerical simulations of various types of shock motions
for an NACA 64A006 airfoil with oscillating quarter-chord
flap are described. Significant improvements in shock
resolution and, consequently, in unsteady pressure
distributions are obtained using the shock-fitting procedure.
The results show the marked effect of shock-wave motion.

Formulation of Governing Equations

Low-Frequency Approximation
The unsteady, small-disturbance, transonic equation

low frequency commonly is written as
for

(1)

which may be derived20 from a systematic expansion of the
velocity potential with respect to the thickness ratio r and the
reduced frequency K, where K=uc/U, i.e., the angular
frequency multiplied by the time that it takes the flow to
traverse the airfoil chord. The spatial coordinates, the time,
and the velocity potential in Eq. (1) have been non-
dimensionalized by the chord c, the inverse of the angular
frequency -o> " l , and Uc, respectively.

The tangency condition and the unsteady pressure coef-
ficient that are consistent with the low-frequency ap-
proximation are

*,= TdY(x,t)
(2)

and

where Y(x,t), the instantaneous body shape, has been
decomposed into a steady part Ys and an unsteady part Yu. §
Here 5 is the amplitude of the unsteady oscillation. Note that
Cp is defined such that, at sonic conditions, Cp = C* = 0.

Any shock wave that exists in the flowfield must satisfy the
jump relation derived from the conservative form of the
governing equation (1), viz.,

+ l<t>y]2=0 (3)

together with the condition derived from the assumption of
irrotationality,

(4)

Here 4>x refers to the mean value of <j)x evaluated on each
side of the discontinuity, J^] indicates the jump in <frx
across the discontinuity, and the subscript 5 denotes the
quantity evaluated at the shock surface.

In two-dimensional small-perturbation transonic flows, the
shock waves that usually occur are nearly normal to the flow
direction. We assume here that if the basic steady flow has a
shock wave then this shock may be approximated by a shock
wave normal to the freestream flow. Furthermore, we assume
that the motion of any shock wave that arises from unsteady
changes in the flow, as well as the motion of existing shock
waves, also may be calculated by this normal shock ap-
proximation. For this simplified model, Eqs. (3) and (4)
reduce to the single equation

which gives the speed of the normal shock in the. flowfield.
For steady flows, <j>x is a function of x alone; this, of course,
still permits [[ 0X] to vary with y. For unsteady flows,
although xs is a function of t alone, the strength of the shock
will still vary with y.

Coordinate Stretching
To minimize the far-field boundary effects on the

numerical results, a relatively large computational region is
usually required. For the cases studied in this paper, the shock
excursion may be large and the unsteady disturbances carried
several chord lengths away from the airfoil; thus, the use of a
relatively large computational domain seems inevitable. A
simple and straightforward way of computing the solution in
a large computational domain is to use nonuniform mesh
distributions, with most of the mesh points concentrated in
the region of interest.2 An alternative is to introduce
analytical coordinate stretchings. In the present study, we use
the following coordinate stretchings:

£= ± (7-exp(=Ftf ;;t) ) for

77= ± (7 — exp(=Ftf2j>) j for

(6a)

(6b)

where a} and a2 are constants that control the mesh
distributions.1 Equations (6) transform the infinite physical
domain to the finite computational domain bounded by
I £ I < 1 and l r ; l < l . The transformation provides a con-

centrated mesh distribution near the airfoil which is suitable
for the present study. The governing Eq. (1), written in the
stretched coordinate system, is

f -2KMJ (y + l)Ml r Ml-]

+ a,(l-

Because Eq. (7) is in divergence-free form, a conservative
difference approximation to Eq. (7) can be constructed if the
shock wave is to be "captured" rather than "fitted."

The normal shock jump relation follows directly from Eq.
(7); this relation and the boundary condition on the airfoil
surface are now

(*i(l- \ £ \ ) ( y + D
2K

(8)

§In the cases studied numerically, Yu = O( Yu ); consequently, the
last term in Eq. (2) is of higher order and was neglected.

^Calculations made with an algebraic scaling, viz., £=
( \x\ +at), etc., gave essentially identical results.



JULY 1978 IMPLICIT SHOCK-FITTING SCHEME FOR TRANSONIC FLOW 675

and

(9)

Scaling of the Perturbation Equation
In his study of steady, small-disturbance transonic flow,

Krupp21 introduced a scaling of the governing equation and
the body shape to provide better agreement between the
results of the perturbation calculations and those from the
Euler equations. The reasoning that leads to various scalings
is discussed in the review by Ballhaus.22 One also may use
such a scaling in the low-frequency approximation by
rewriting the governing equation and the boundary condition
as

= 0 (10)

and

where p, m, and n are scaling constants to be chosen to
enhance agreement with more sophisticated calculations. If
one introduces the nondimensional quantities

(12a)
M

= { } I/3t/2K

(y+l)M"x
+mT}

then Eqs. (10) and (1 1) reduce to the canonical form

and

(I2b)

(12c)

(12d)

(12e)

(13)

(14)

Because there is a one-to-one correspondence between Eqs. (1)
and (2) and Eqs. (13) and (14), results obtained without
scaling are equivalent to scaled calculations for a slightly
different flow. Thus, although we restrict our calculations to
the unsealed equation, the Mach number and the body shape
can be modified to obtain results equivalent to those for the
scaled equation by noting the equivalencies [Eqs. (12)].

Boundary Conditions
The boundary condition on the airfoil is the usual tangency

condition evaluated at y = Q. For an NACA 64A006 airfoil
with an oscillating quarter-chord flap, the boundary con-
ditions are

CT¥S for 0<x<0.75
\ ^Y

for 0.75 <x<l

With the proper combinations of the reduced frequency K, the
free Mach number A/^, and the oscillating amplitude 6, we
can simulate the three types of shock motions observed ex-
perimentally by Tijdeman13 '14: the shock oscillates on the
airfoil (type A); the shock disappears during part of the
period (type B); and the shock propagates upstream and

leaves the airfoil (type C). The thickness distribution for an
NACA 64A006 airfoil may be obtained from Ref. 23 and the
desired airfoil slope at the grid locations approximated by
fitting a polynomial to the data.

The far-field boundary condition for the nonlifting case is
simply 0 = 0 on l £ l =1 and Iry I = 1. For the lifting case, 0
depends on the instantaneous circulation F. This dependence
can be derived theoretically by assuming that in the far field
all of the perturbations are small compared to the basic steady
state.24 An advantage of our stretched coordinate system is
that the last grid lines are at infinity. Numerical studies
conducted by Magnus6 show that erroneous boundary data
on a finite domain can lead to significant errors. The low-
frequency approximation implies that any changes in the
circulation are communicated instantly downstream to in-
finity (£ = 1). Consequently, the simplest boundary conditions
are 0X = 0 on the downstream boundary and 0 = 0 on the other
boundaries. Ballhaus and Goorjian2 used similar boundary
conditions in their study and obtained satisfactory results.
The validity of such far-field boundary conditions can be
justified only by numerical experiments; i.e., near the
boundary the disturbance quantities 0V and 0^ must be much
smaller than the values at the airfoil surfaces. In all of the
results reported here, this requirement is met. As a numerical
test of this procedure, we have computed the steady-state
circulation about an NACA 64A006 airfoil for various flap
deflection angles, using the ADI method with appropriate far-
field values of 0 corrected for the usual steady-state cir-
culation contribution. These results have been compared with
the results obtained by the ADI calculations with the boun-
dary conditions employed here for an unsteady flap deflection
to the correct angle. These results agree to one part in 10 ~ 4 ,
verifying that the far-field conditions used here are more than
satisfactory.

Finite-Difference Approximations
In a preliminary study of the unsteady transonic flows, we

implemented a normal shock-fitting procedure in the implicit-
iterative scheme of Caradonna and Isom.7 Satisfactory
results were obtained, except that the procedure was time-
consuming because of the iterative process required at each
time step. The recent studies of Ballhaus and Steger1 and
Ballhaus and Goorjian2 show that an ADI scheme is more
efficient than the implicit-iterative scheme in treating the low-
frequency transonic flow equation. The shock-fitting
algorithm was modified and implemented with an ADI
scheme. In this section, the ADI procedure is reviewed briefly
and the method for unsteady shock fitting detailed.

Alternating-Direction Implicit (ADI) Method
The low-frequency equation in the stretched coordinate

system, i.e., Eq. (7), is solved by the alternating-direction
implicit scheme developed by Ballhaus and Steger.1 To
simplify this discussion, Eq. (7) is rewritten in the form

ti;t+Fs.+Gri=0 (15)

where the functions \I/> F, and G may be determined by
comparing Eqs. (7) and (15). The solution is advanced from
time level n to level n + 1 by the following two-step procedure:

Sweep

77 Sweep

(I/At) (M + 1 -\

(16a)

(Gn + I -Gn)=0 (16b)

Here a plus sign refers to an intermediate value of \I/, D^ is the
type-dependent difference operator for £ derivatives, and d^ is
the central-difference approximation for the 17 derivative. The



676 YU, SEEBASS, AND BALLHAUS AIAA JOURNAL

backward difference approximation for
first-order difference approximation

can be either the

(17)

or the second-order difference approximation

For simplicity the first-order scheme, Eq. (17), has been used
for all of the results reported here. The nonlinear term F is
evaluated, using a two-time-level averaging procedure
analogous to that of Ballhaus and Steger l but modified by the
coordinate stretching used here. The difference ap-
proximations described previously provide first-order ac-
curacy for \l/£t, second-order accuracy for F% and G^ in
subsonic regions, and first-order accuracy for F$ in super-
sonic regions.

On the £ sweep, Eq. (16a), a quadradiagonal system is
generated and can be solved easily by direct elimination. For
lifting calculations, two grid lines are used to represent the
lower and upper surfaces of the airfoil. The circulation F is
calculated by F = </> ̂ TE - </> L

ITE through each sweep. Here ITE
denotes the upper and lower values at the first grid point
behind the trailing edge. This circulation is incorporated into
the construction of the rj derivatives behind the airfoil for
r? = 0.

On the 17 sweep, Eq. (16b), a tridiagonal system is generated
on the body. Ahead of the leading edge and behind the trailing
edge, the double grid notation for r/ = 0 destroys the
tridiagonal system. However, ahead of the leading edge,
0^ = 0*-, and behind the trailing edge, 0t/ = 0 £+F; thus the
difference equations can be reordered to give a tridiagonal
system. On the airfoil surface the matrix equations above and
below the airfoil are decoupled; they can be solved either
separately or simultaneously by packing the matrix equations
together.

Shock-Fitting Procedure
The basic algorithm for shock fitting was developed in a

previous study of steady transonic flows. 12 A different ap-
proach to shock fitting also has been developed by Hafez and
Cheng25 in their study of steady transonic flow problems.
Their procedure essentially replaces the shock-point operator
by an analogous difference statement derived from the shock
jump conditions. Subsequently, the velocity potential on each
side of the shock wave is extrapolated to locate the shock
wave.

To understand the shock-fitting procedure for unsteady
transonic flow calculations it is necessary to recall how shock
waves form in an unsteady field. Shock waves are generated
when the local flow becomes supersonic and compressive.
Although the initial shock formation may not be predicted
accurately by the numerical solution when shock fitting is
used in the early stages of shock-wave formation, it eliminates
spurious oscillations in the numerical solution and does
provide the correct development of the shock wave in later
stages of the calculations.26 The criterion that we set for the
initial shock formation is that the local flow become sonic
(relative to the airfoil) and compressive. In the body-fixed
coordinate system, a shock wave can exist both in the usual

supersonic-supersonic and supersonic-subsonic transition and
also in a purely subsonic flowfield, sometimes referred to as a
"subsonic-subsonic" shock. In any case, the flow ahead of
the shock relative to a coordinate system fixed on the shock
must be always supersonic. Consequently, the correct
judgment for the existence of a shock wave in the unsteady
field is to evaluate the local flow velocity ahead of a
prospective shock with respect to the coordinate system fixed
on it, i.e., we evaluate Vr, where

\ l \

K

Fig. 1 Maximum thickness vs time for pulsating parabolic arc in
units of percent thickness vs time in units of chord/speed.

If Vr >0, the local flow is supersonic and a shock may exist; if
Vr — 0 + , the local flow becomes sonic and the shock strength
diminishes. For Vr <0, a shock cannot exist.

We start the unsteady flow calculations by using an ADI
scheme. When the local flow becomes sonic and compressive,
we introduce the shock-fitting algorithm. Sonic, compressive
points are treated as shock points where cross differentiations
in t and £ derivatives are avoided. Initially, the shock has zero
strength and is stationary. The flow properties ahead of and
behind the shock can be extrapolated easily from neighboring
points. The shock wave can either increase or decrease in
strength during the unsteady process. This results in three
possibilities for shock motion that have to be considered
separately in the fitting procedure: the shock moves upstream
and crosses grid points; the shock remains stationary or
moves within a grid spacing; and the shock moves down-
stream and crosses grid points. At each new time level the
shock position is determined by applying Eq. (8). The for-
mulations of the difference approximations for each case are
quite similar; the specific formulas used may be found in Ref.
27.

Results and Discussion
To illustrate the advantages of shock fitting over shock

capturing, we compare the flow past a pulsating parabolic arc
whose time history is shown in Fig. 1, as computed by the two
methods. Major differences occur when the shock wave
propagates ahead of the airfoil as its thickness returns to zero.
Figure 2 compares the pressure coefficient for these later
stages when t>25 (chord/ U) in units of At = 2 computed by
the ADI method, with and without shock fitting. The full time
history of this motion, as computed by the two methods, is
compared in Ref. 27. Later studies have shown, as suggested
by a reviewer, that the compression preceding the fitted shock
wave is a result of the first-order approximation made here. In
subsequent calculations with a second-order procedure, which
is possible with shock fitting, this behavior does not occur.

Results were computed for an NACA 64A006 airfoil with
quarter-chord oscillating flap for various values of the
reduced frequency K, the freestream Mach number Mx, and
the oscillation amplitude 6, in order to simulate the shock
motions observed by Tijdeman.13>14 The steady-state
solutions at the mean flap deflection angle for each M^ are
computed first, using the ADI method of shock fitting. We
have found that the ADI scheme is more efficient than suc-
cessive over-relaxation in computing steady flows. The results
of the ADI calculations are identical with those obtained by
line relaxation and converge more rapidly when performed
with the stretched coordinates. For the problems studied here,
i.e., the NACA 64A006 airfoil, the freestream Mach number
was varied between 0.8 and 0.9. The mesh system had 101 by
82 grid points in the x and y directions, respectively. About
250 to 450 time steps were required for the solution to con-
verge, IA0 I max < 104. Thse steady-state solutions are used as
initial data for the unsteady flow calculations. For all cases
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Fig. 2 Pressure coefficient in the later stages of the motion of Fig. 1
computed with (——) and without (—) shock-fitting.

Fig. 3 Cp on an NACA 64A006 airfoil at M^ =0.854, K= 0.358,
with d = 1-deg sin*.

studied it took three to six cycles for the flowfield to become
periodic. Stability seems to require that the time step AJ be
small enough that A/ (deg)/AT<10. Figure 3 illustrates the
pressure coefficients on the airfoil surface for M00= 0.854,
#=0.358, and &YUx = 1-deg sinf. For these conditions,
Ballhaus and Goorjian2 were able to simulate type B motion
where the shock disappears during some part of the cycle.
Here the shock does not disappear during the cycle; instead, it
becomes quite weak during a small portion of the cycle. This
difference is due to the assumption of a normal shock, which
results in a stronger shock than would normally occur, and to
the use of shock fitting. Magnus and Yoshihara's explicit
results for the full Euler equations are compared with these
results for two time levels in Fig. 4. The discrepancy between
the two results is due mainly to the small-disturbance ap-
proximation and the lack of resolution at the leading edge of
the present study. Figure 5 shows the time history, during the

Fig. 4 Comparisons of the results for Cp on an NACA 64A006
airfoil at M^ =0.854, K= 0.358, with 6 = 1-deg sinf, with those of
Magnus and Yoshihara.4'5

Jfc
f\

K 1.90
3K Xv

* 2.dB x 3.00
* K *V v

X: yroq, $00

Fig. 5 History of the circulation and shock position for the first
three cycles for the flow conditions of Fig. 3.

first three cycles, of the circulation and the shock position.
After three cycles of oscillation, the pressure field is essen-
tially periodic; the circulation requires four cycles to become
periodic. The circulation reaches its maximum value, and the
shock wave its most downstream location, 57 and 83 deg after
full flap deflection. Results for type C motion are given in
Ref. 27 and hence not repeated here.

The results for M^ = 0.822, K = 0.496, and d YUx = 2 deg sin/
simulate type C shock motion. Because we have used less
spatial resolution and the unsealed equation, a deflection
angle slightly larger than that of Ref. 2 is needed in order to
generate the type C shock motion; that is, we need a 2-deg
deflection angle rather than the 1.5 deg used in Ref. 2 to get
analogous behavior. The results are given in Ref. 27. In this
case, the flowfield is subcritical during most of the cycle, and
the shock wave is barely "captured" in the non-shock-fitting
procedure. During the unsteady process, the shock wave
moves toward the leading edge. The strong singular behavior
in pressure at the leading edge prevents the shock from
propagating off the airfoil. The perturbation velocity
becomes large and is negative; thus, the flow used to calculate
the relative velocity ahead of the shock can no longer support
a shock wave. Normal shock-fitting calculations determine
the shock speed from the pressure jump across the shock at
the airfoil surface. This eliminates the possibility that a
portion of the shock may propagate off the leading edge in the
computations. But this does not imply that it cannot occur;
instead this limitation is a consequence of the normal shock
fitting.

The addition of the shock-fitting algorithm to the basic
ADI scheme increased the computational time, for fixed grid
spacing, by less than 7% for all cases studied here. It is dif-
ficult to compare the time required by the two schemes to
achieve the same accuracy. Without shock fitting, when the
shock is not of the supersonic-subsonic type, a very fine grid is
required fo,r a reasonable resolution at the shock. The need
for such a grid is obviated by shock fitting, and improved
accuracy in the shock region can be obtained simultaneously
with reduced computational time. Because it is difficult to
determine when the two procedures give comparable ac-
curacy, a definitive evaluation of the computing time saved by
shock fitting has not been attempted.

Typical computation times for the NACA 64A006 airfoil
calculations reported here are about 5 to 10 min/cycle on a
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CDC 6400 computer. A mesh of 101 by 82 grid lines in landy
directions, respectively, was used in these calculations, and
the number of time steps per cycle ranged from 90 to 180. No
effort was made to optimize the program. The additional
central memory required for the shock-fitting algorithm is
about 10 to 20% of that for the basic ADI scheme.

Conclusion
The unsteady behavior of a large number of inviscid low-

frequency transonic flows can be studied accurately and
efficiently using the present shock-fitting procedure coupled
with the alternating-direction implicit method. The ADI
method relaxes the stability restriction on the time step,
greatly improving the computational efficiency; the shock-
fitting procedure treats shock waves as discontinuities, which
resolves the computational difficulties that can arise in the
usual shock "capturing" procedure. Computed results using
the present procedure compare favorably with the explicit
time integrations carried out by Magnus and Yoshihara. They
should be sufficiently accurate for engineering studies of
airfoil motions for which the normal shock approximation
made here is a reasonable one. They also reproduce well the
types of shock motions observed experimentally by
Tijdeman,13'14 as well as the propagation of the shock wave
ahead of the pulsating parabolic arc.
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